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Unpredictable variations in the values of plant parameters around their nominal values are
often encountered in actucl operation of process plants. In order to assure that process per-
formance meets specifications, it is preferable to design and control the process, taking into
account the uncertainty in the values of the plant parameters. In this paper, a method to
minimize the moximum decrease in the process performance caused by the hypothetical
worst parameter variations is proposed. Necessary condition for the worst parameter variations
is derived for a class of distributed parameter systems by means of the maximum principle,
and then the method for obtaining the optimal design and control subject to the worst parameter
variations are discussed. The method is applied to the design of a tubular reactor associated with
catalyst activity decay. The reactor obtained is fairly insensitive to the variations in the process
parameters while maintaining fairly good performance even at the nominal values of parameters.

The mathematical models which appear in optimal de-
sign and control problems are usually built on the basis of
certain nominal values of plant parameters and/or system
inputs. It is well known, however, that the actual behavior
of a real system rarely agrees with that of the mathematical
model because of unknown disturbances and/or the errors
associated with the estimation of the parameters involved
in the mathematical models. The discrepancy of the actual
behavior from the predicted one often causes the undesir-
able performance of the system.

Recent development of the optimization theory has made
it possible to study the optimal design and control problem
subject to the system uncertainties. These studies may be
classified into three cases according to the degree of the
uncertainties of the variations in the plant parameters; 1.
the statistical properties of the parameter variations are
known, 2. the nominal value and the upper and lower
bounds of plant parameter variations are known, and 3.
only the nominal values of plant parameter are known.
Works by Kittrell and Watson (1), Rudd and Watson (2),
and Takamatsu and his co-workers (3) are intended to
deal with Case 1. Those for Case 2 are works by Taka-
matsu and his co-workers (3), Rohrer and Sobral (4) and
Tazaki (5). Takamatsu and his co-workers discussed the
optimal design problem from the viewpoint of sensitivity
analysis in which the expected values of the parameters
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and the region of the parameter variations are given.
Rohrer and Sobral proposed a design method based on
the relative sensitivity which is the minimum of the maxi-
mum deviation from optimal behavior attained by manipu-
lating the control variable. Tazaki (5) introduced the
performance sensitivity which is defined as the maximum
decrease in the value of the objective function caused by
hypothetical worst parameter variations and then proposed
a design method to minimize the maximum value of the
performance sensitivity by adjusting the design variable.
We shall call the possible worst performance variation
caused by the hypothetical worst parameter variation “the
nominal performance sensitivity”; and the minimized value
of the nominal performance sensitivity attained by adjust-
ing the design and control variables “the min-max per-
formance sensitivity.” Though both Rohrer and Sobral's
method and Tazaki’s method employ the min-max per-
formance sensitivity, the former method is intended to
compensate the parameter variations by the control vari-
ables and not to consider the degree of freedom for design
variables while the latter takes into account both the de-
sign and control variables. For Case 3 several papers based
on the classical sensitivity theory have been published (6
to 9). Since methods described in these papers are derived
on the basis of sufficiently small variations around the
nominal value of plant parameter, they may not always be
applied to other classes of parameter variations.
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The purpose of this paper is to derive the necessary
condition for the nominal performance sensitivity with a
class of distributed parameter systems and to develop a
method for obtaining the design and control variables
which are to give the min-max performance sensitivity.
The necessary condition is described in the form of the
maximum principle. In order to show how this approach is
significant from practical point of view, the method devel-
oped is applied to the design and control of a tubular
reactor subject to catalyst deactivation.

STATEMENT OF PROBLEM

The system considered here is defined by the following
set of simultaneous partial differential equations:

ﬁ-;—:i)::f(:x(t,z),y(t,z),u"(t,:g,'),p“(t,z),
de(t,z)), 0=t=T, 0=z=2Z (1)
WD it 2), (6,2, (6 2), P08 2),

de(t,z)), 0=t=T, 0=z=Z (2)

where x, y, u?, p® and d® which are functions of time and
space are vectors

x(t, z) = (x1(8, 2}, 22(2, 2), ..., % (8, 2))7
y(t, z) = (y1(t, 2), ya(t, 2), ..., ym(t, 2))7
e u8(t 2))T
pe(t,2) = (pi®(t,2), (8, 2), .., pst(t,2)) T
ds(t, z) = (di(t, ), do2(t, 2}, ..., d,2 (8, 2))7

uu(t’ Z) = (ula(ts Z), u2a(t’ z)!

The boundary conditions are
x(t,0) = @ (2°(t), ub(¢), p°(t)) (3)
y(0,2) = ¥(y°(z), d*(z)) 4)

Note that the additional controls, parameters, and design
variables may be introduced at the boundary, and hence
the dimensions of u®(t), p(¢), and d’(z) may not be the
same as those of distributed functions, 4, p%, and d®. For
the sake of brevity of expression, use of the following
notation

u = (uo, ub")T

p = (p, p*")T
d = (d*, &7)T

will be convenient.
The following functional J is defined as a performance
criterion

T
Iy upsd) = Gat2.0d  (3)

where pn and dn represent the appropriate nominal values
of p and d respectively. Equation (5) is fairly general and
other type performance functions may be written as the
same form as Equation (5) by introducing proper addi-
tional state variables.

Several constraints must be imposed on the system in
order to apply the maximum principle to the distributed
parameter system. The functions f and h are assumed to
be twice continuously differentiable with respect to its
arguments and to satisfy the Lipshitz conditions. Controls
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u, parameters p, and design vectors d, are piecewise con-
tinuous and bounded functions within the convex regions
U, P, and D, respectively. The control, parameter, and
design vectors which satisfy these conditions are called
admissible ones. The states of the system x and y are
uniquely determined under their boundary conditions
when control, parameter, and design vectors are given. G
is the twice continuously differentiable function with
respect to its arguments.

On the basis of the above definition of system, we shall
consider the following problem. Find the admissible con-
trols which maximize the performance function Equation
(5) subject to the constraints of Equations (1) to (4).

With this problem we shall define the following per-
formance sensitivity:

A A A
SN = Max {](x’ y: u, PN; dN) - ](x’ y; u, P; dN)} (6)

peP

wherez is the solution of the problem

Max J(x, y, u, pn, dx) (7)

uell
and, hence, the optimal control function obtained under
the nominal values of parameters. We shall call the per-
formance sensitivity “nominal performance sensitivity.” As
is seen in the definition, the nominal performance sensitiv-
ity represents the maximum decrease in the value of the
performance function caused by the hypothetical worst
parameter variations.

It should be noted here that the nominal performance
sensitivity is a non-negative quantity. Since the first term
of the right-hand side of Equation (6) is not the function
of p, Equation (6) can be rewritten as

A A
SN :](x’ Y, U, px, dN) - Mi’n ](x’ Yy, u, p, dN)'
3

Provided that the nominal value of the parameter is ad-
missible one, it is obvious that

A A
J(x, 4, 4, py, dy) = Min J(x,y, 4, p, dy)
peP

from which the non-negativity of the nominal performance
sensitivity follows.

NECESSARY CONDITIONS FOR THE NOMINAL
PERFORMANCE SENSITIVITY

As easily seen, Equation (6) can be rewritten as the
following two problems:

A
Problem 1. S1 = Max J(x, y, 4, pn, dn) (8)
uel
A A
Problem 2. S; =Min J{x,y, u, p, dn) (9)
peP

Necessary Condition for the Solution to Problem 1
The necessary condition for the optimal control to Prob-

lem 1, :1\, can be obtained by means of the maximum princi-
ple for a class of distributed parameter systems (10 to 12).
The system equations and boundary conditions of this
problem are given in the form of Equations (1) to (4)

where p = py and d = dy. We shall define the following
scalar function:

H=<\>+ <u, h> (10)
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where A and g are adjoint vectors defined by

aNt,z)  oH
0z - ox
(11)
(L, z) _ oH
at oy
with the boundary conditions
oG )
Mt Z) = ————
- ax(t, Z_)
(12)
w(T,2z) =0

A
Then, the necessary condition for the optimal control u
is that the control is to satisfy the following maximum con-
ditions

HO[A(£,0), 2 °(£)] (=) Max HP[A(t,0), u*] (13)
udeUd

H{x,y, A,;L,Q“(t,Z)] (=) Max H[x, y, \, p, u%]

uaelUe
(14)
or

[ ttmnn
L, HIx g hpu (t,2)]dz

z
(=) Max j;' Hlx, y, \ p,u*ldz  (15)

uzela

where z, y, X and p are the solution of the boundary-value
problem defined by Equations (1) to (4) and (11) and
(12), corresponding to the admissible control u. The sym-
bol (=) indicates equality “almost everywhere” and H®
a scalar function at the boundary defined by

H® = <\ (t,0), ub> (16)

Equation (15) represents the maximum condition with
respect to the control u® which is a function only of time ¢
(10).

Necessary Condition for the Solution to Problem 2
The form of the system equation and their boundary
conditions of Problem 2 is equivalent to those of Problem

A
1, except that control u is replaced by © and that the
boundary conditions on the adjoint equations are specified
as

MbZ) = —
dax (¢, _Z_)
(17)
u(T,z) =0

The necessary condition for the worst variation of the

A
parameter p is that it satisfies the following maximum con-
ditions

HPIA(L, 0), p(8)] (=) Max HP[A(t, 0), pb] (18)
pbePd

A
Hlx, Y, )\’H,P“(t,z)] (:) Max H[x’ Y, Ay sy Pa]

paePe
(19)
or

I b
o Hlxyhppelt,z)] dz
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z
(=) Max J; Hix,y,\ pp*]dz (20)

pecPa
where the scalar function at the boundary is

H® = <\(t,0), po> (21)

MIN-MAX PERFORMANCE SENSITIVITY

It will be of particular significance in the design of sys-
tem to achieve the minimum value of the nominal per-
formance sensitivity or the min-max performance sensitiv-
ity. Though it may seem to be rather conservative, the
system design based on the min-max performance sensitiv-
ity assures the system which never be worse in its actual
performance than that expected.

The min-max performance sensitivity is defined by

A A A A
S = Min Max {J(x,y,u, px.d) — J{x,y,u,p,d)}
deD  peP
(22)

Equation (22) can be rewritten as
AA A A
$ = Min {](x, Y, U, PN, d) — Min ](x’ Y, u, p, d)} (23)
deD peP

A A A
= 1;’1;1’1 {](x: Y, U, PN, d) _]<x3 Y, u, p, d)} (24)

A A
In Equation (24), u and p are to be obtained as the solu-

tions of Problem 1 and Problem 2, respectively, correspond-
ing to an appropriate given design function d. The con-
straint equations for this problem consist of both the con-
straint equations for Problem 1 and those of Problem 2,

A A
where u and p are substituted by u and p, respectively.
The number of the system equations are 2(n + m). The
performance function is described as

]M = ](xly y1; Q} PN; d) - ]<x2: !/2, 1"‘\) 2} d)
T
= J; [Gl(x'(t, Z), ') ~ G?(x3(t,Z),3)] dt (23)

where the superscripts 1 and 2 stand for the functions
and variables determined as the solution to Problems 1
and 2, respectively.

By means of the maximum principle of a distributed
parameter system, the optimal policy is to satisfy the maxi-
mum conditions

Ho[u(0,2),d%(z)] (=) Max HP[x(0,2),d"] (26)
dteD?
S ¢
0 H[x’y:)BF',da(taz)]dt

T
(=) Max j; H[x,y, M\, do] dt (27)

de¢Dse
where the scalar functions H and H? are defined as

Hx, y, N, p, d°] = H'[2, y', N, !, d7]

2
+ H2[x2, 4% 32, 2, d°] = z {<AL fi> 4 <pi, hi>)
i=1
(28)
Hb[(0, 2),d?(2)] = <ul(0, ), d*(z)>
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+ <p?(0,2),d%(z;>  (29)

The adjoint system is given by

al(t,z)  oH!
oz oxt
Nt z)  OH?
0z Y
oul(tz) O (30)
at oyt
du2(t, z) _ oH?
at oy
Gt
M Z) = — ———
- ax'(t, Z)
)\2(t, Z) - __a_G.z____ (31)
= et Z)
(T, z) = p2(T,2) =0

This problem is a two-point boundary-value problem for-
mulated by the above 2(n + m) system equations, asso-
ciated by the adjoint Equations (30) and (31) and the
maximum conditions (26) and (27). The solution to the
problem will be very difficult to find if we note the high
dimensionality and nonlinearity of chemical processing
systems. The following gradient method in function space
may be effectively used for solving this difficulty.

Step 1. Assume the initial value of d¢), k = 0, where
the subscript (k) stands for the kth iteration.

Step 2. Solve Problem 1 with the value of dy = du,

and find the corresponding optimal control :\t(k).
Step 3. Solve Problem 2 with the value of dy = d,

A A
and ¥ = ug, and find the worst parameter pq, which
maximize the performance sensitivity.

A A

Step 4. Using u = uc, p = pay and d = dx), inte-
grate the 2(n + m)-dimensional system equations forward
(fromt = 0 to¢t = T) and integrate the adjoint Equations
(30) and (31) backward (from ¢ = T to t = 0). Then
modify the design function for the (k + 1)th iteration by

T oH
dov 1y = d%e + ean fo ( 2 >(k) dt (32)
and
dHP
dPk i1y = dPy + e ( 5 )(k) (33)

where e is the positive step size factor.

Step 5. Return to Step 2. Repeat the procedure until
the minimum of the performance sensitivity is achieved.
Steps 2 and 3 of the above procedures may be carried out
by appropriate hill climbing methods, such as the gradient
method (13) and the conjugate gradient method (14).

EXAMPLE: THE DESIGN AND CONTROL OF A TUBULAR
REACTOR WITH CATALYST DEACTIVATION

Several papers (11, 15 to 18) have been recently pub-
lished on the optimal design and control of a tubular re-
actor with catalyst deactivation. In these papers, the opti-
mal design and control policies have been discussed based
on the nominal values of reaction process parameters. We
shall discuss here the problem in view of the min-max per-
formance sensitivity. Great care is necessary in design and
control of tubular reactors with an exothermic reaction in
order to prevent formation of the so-called hot spot. Since
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the presence of the hot spot in the reactor may cause con-
siderable formation of undesired products as well as a dam-
age to the catalyst activity, formation of the hot spot will
be a good measure of the well designed tubular reactor.

The reaction considered is the first-order consecutive one

K, K,
A — B — C with heat generation and catalyst deactiva-
tion. The initial catalyst profile is chosen as the design
variable. The control function is the shell-side coolant
temperature, which is to be manipulated over a period of
catalyst life time 0 = ¢t = T in order to maximize the
time-average yield of product B. While other types of the
objective function, such as cost or profit of reactor opera-
tion, may be adopted, the time-average yield of product
B is chosen here as an objective function. The inlet reactant
temperature perturbation is regarded here as the uncertain
plant parameter variation, since the formation of the hot
spot is said to be highly dependent of the inlet reactant
temperature (20). The rate of catalyst deactivation is con-
sidered rather slow compared to the average residence
time of the reactor and, therefore, the quasi-steady state
of the catalyst activity at any given time 0 = ¢ = T is as-
sumed.

Behavior of the process can be described under this as-
sumption by a set of the equations

axl
™k
9z 1X1Y1
9x
'5_'—2' = (Kix1 — Koxz) 4 (34)
BX3 1
T = (b;Kyx; + byKoxa)yr + — (ue(t) — x3)
a

The catalyst activity change is assumed to be described
by the equation (19)

ay1

— = — K.y,? 35

ot Y1 (35)

The boundary conditions are
x1(t,0) = 219 1
xz(t, 0) = X20 } (36)
x3(t, 0) = 239 + p°(t)
y1(0, z) = d°(z) (37)

The performance function of the process which is to be
maximized is

T
S, g d) = J xatt,2) de (38)

The constraints imposed on the parameter and design func-
tion are
PL =pb(t) =PY,
0=dv(z) =1,

for all £¢[0, T'] (39)
for all z¢[0, Z} (40)

No constraint is imposed on the domain of the control vari-
able. The following values are used throughout this ex-
ample:
K; = 0.535 x 101 exp(—18,000/Rx3),
K; = 0.461 x 108 exp (—30,000/Rxs),
K. =0.672 x 1018 exp( —28,000/Rx3), R =2.0,

1)1 = 120, b2 = —50, a = 30, X190 = 0.95,

xg0 = 0.05, x3 = 335°K, Z=10, T=10
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of which the values of K; and K, are taken from Bilous
and Amundson (21).

The problem here is to find the initial catalyst activity
profile (the design function) and the shell-side coolant
temperature (the control function) which maximize the
time-average yield of product B under the constraints
Equations (34) to (37) subject to the unknown variation
in the inlet reactant temperature.

The scalar function detined by Equation (10} is

H = [—Kpaqyi I + [(Kxg — Koxg)yi]he
1
+ [(biKyxy + baKaxa) y1 + — (ue(t) — x3) 1rs
o

+[— Key?lwa  (41)

The associated adjoint equation defined by Equation (11)
is

)N
7;. = Kyy1h — Kiyjrhe — biKiyihs
g
—= = Koyirg — boKoyh
PP 2lf1he — DaloYihg
g E,
% = K A
3z Rx3? w
— e (EKyxyys — E2K2x2y1)7\2 (42)
1
- R (D1E1Kyx1yy + boEsKoxat1) Mg
A3 E,
= K.y:2
+ - -+ Rx32 Y17
Ou
a—tl = lelkl — (lel - K2x2))‘2
—_ (b1K1x1 + b2K2x2))‘3 + 2Kcy1”"1

The gradient method of optimization is used for obtaining
the optimal control and the worst parameter variation. The
control and the parameter are modified in the gradient
method through the following iteration formulae:

a 2 A3
W (t) e = 8% i + e A — dz,

a /)
for all te[0, T] (43)

Po() k+1) = PP() k> + €ao> As(t, 0) ry, for all £e[0, T']
(44)

In order to examine the performance of the reactor de-
signed on the basis of the nominal value of the parameter
(the inlet reactant temperature) the optimal design, the
optimal control, and the corresponding reactor performance
are computed. We shall call the reactor nominally optimal
reactor. The optimal initial profile of catalyst activity is
found to be uniform, that is,

y1(0,2) = d*(z) = 1.0 for all z¢[0, Z] (45)

The boundary values of the adjoint vectors for obtaining
the optimal control and the worst parameter variations are
given by, respectively,

)‘l(t, Z) =0
x2(t» Z) =1
(46)
x3(t: Z) =0
P-l(T, z) =0

and
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' (47)

Computed results are shown in Figures 1 to 6. Figures
1 and 2 indicate the time variations in the optimal tem-
perature and concentration profiles and the resulting cata-
lyst activity profile, respectively, at the nominal value of
the parameter or the inlet stream temperature, 3353°K.
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Although the catalyst deactivation with time proceeds
fairly rapidly, rise in the optimal temperature profile,
particularly in the tail part of the reactor, compensates for
the effects of the catalyst deactivation, and the yield of
product B can be maintained fairly well at the output of
the reactor. No hot spot is observed along the entire length
of the reactor. With these observations, the reactor is
judged to be operated fairly well at the nominal value
of the inlet stream temperature. This may not be the case,

0.7 —
YIELD. WITHOUT PARAMETER VARIATION
//4;' - e ==
oefl -~ . m
" by . =
NI / ’
rosf
)
o
S o4 - ——-— CASE |
.“_J
> —-— CASE 2
03 | CASE 3
02 1 L ] 1 1 |
00 0.2 04 0.6 o1:] 3¢}
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Fig. 4. Yields of product B of the nominally optimal reactor with
nominal parameter value and with the worst parameter variations,
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optimal reactor with the worst parameter variation: t = 0.35,
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Page 566 May, 1972

TasrLE 1. NoMINAL PERFORMANCE SENSITIVITIES

A A A
Case Sn (= J(u® pn® dn®) — J(u® pb, dnb))
1 0.0107 = 0.6273 —0.6166
2 0.0355 = 0.6273 —0.5918
3 0.0703 = 0.6273 —0.5570

however, when the worst variation in the inlet stream tem-
perature is introduced. Three admissible regions of the
inlet stream temperature are considered in this example:
Case 1; PY = 1, PL = —1], Case 2; PU = 2, PL = -2
and Case 3; PU = 3, PL = —3. The computed worst vari-
ation of the inlet stream temperature for these three re-
gions and the corresponding optimal control are illustrated
in Figure 3. The worst variations in the inlet stream tem-
perature show so-called “bang-bang” characteristic during
the period of operation. The nominal performance sensitivi-
ties and the behaviors of the yield of product B during
the reactor operation are summarized in Table 1 and Fig-
ure 4, respectively. Considerable decrease in the reactor
performance is observed, in Table 1, when the worst
variation is introduced. As expected, the decrease in the
yield of product B increases with the increase of the al-
lowable range of the parameter variation. Moreover, very
sharp decrease is observed in the instantaneous yield of
product B as shown in Figure 4 which is interpreted as
a formation of hot spot. Actually as shown in Figure 5 the
considerable sharp rise in reaction temperature is observed
along the reactor length. This results severe damage to
the catalyst activity as indicated in Figure 6. The hot spot
may cause not only temporary damage to the catalyst ac-
tivity but also permanent damage to the catalyst structure
itself.

As a whole, the nominally optimal reactor is judged to
be poorly designed and operated when possible variation
in the inlet stream temperature is taken into account.

We shall, therefore, try to avoid this poor performance
of the reactor by adjusting the initial catalyst activity pro-
file in the sense of the min-max performance sensitivity.
We shall call the reactor designed in view of the min-max
performance sensitivity min-max reactor. When the initial

z

cumulative catalyst activity Dy = ":: d®(z) dz is not im-
posed as a constraint, there exists a trivial solution d°(z)
= 0 for all 2¢[0, Z] as expected from the system equations
and their boundary conditions. Since this solution is mean-
ingless for the objective of the process, the following equal-
ity constraint should be imposed:

fog d?(z) dz — Dy =0 (48)

The adjoint equations and their boundary conditions for
the optimal design problem are formulated according to
Equations (28) to (31), although its details are not de-
scribed here. The algorithm which is used to obtain the
optimal catalyst activity profile is based on the following
iterative modification of the nominal catalyst activity pro-
file:

d*(z) e+ = 4°(2)
+ eq> [ (1110, 2) + p12(0,2)) oo + n1, for all z¢[0, Z]
(49)

where 7 is the Lagrange multiplier for equality (48). The
initial cumulative catalyst activity D; = 8.5 is chosen and
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the admissible region of the parameter variation is that
of Case 3.

Computed results for the optimal initial catalyst activity
profile are shown in Figures 7 to 10. The optimal design
of catalyst activity profile shows “bang-bang” characteristic
along the reactor length, as shown in Figure 7. The time
variations in the optimal temperature and concentration
profiles at the nominal value of the inlet stream tempera-
ture are shown in Figure 8. When compared with the case
of the uniform initial catalyst activity profile, the optimal
profile shifts the main reaction zone to downstream at all
time of operation. The computed worst variation of the
inlet stream temperature and the corresponding optimal
control are shown in Figure 9. The parameter variation
reaches to its upper bound only at the final period of re-
actor operation. As is seen in Figure 10, the substantially
smaller variation than that in the uniform initial catalyst
activity case is observed in the instantaneous yield of
product B during the reactor operation. Moreover, the
formation of hot spot is considerably reduced.

The min-max performance sensitivity of the reactor is
computed as
A A A A ALA
S=1J(us px®, d?) —J(us,pbd?b)
= 0.6018 — 0.5913 = 0.0105 (50)
This is considerably smaller than the nominal performance

A A A
sensitivity Sy = J(u® pab dy®) — J(u%p®dy®) =
0.0703 of the nominally optimal reactor.
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Fig. 7. Optimal design function d”(z) for the min-max reactor.
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Fig. 8. Time variations of the optimal temperature and concentration
profiles in the min-max reactor with nominal parameter value.
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Fig. 10. Yields of product B in the min-max reactor with nominal
parameter value and with the worst parameter variation.

It should be noted here that, although in principle the
design based on the min-max performance sensitivity is
considered quite conservative, the actual loss in the reactor
performance is not at all substantial in this example. This
is seen in the values of the performance function;

A ACA
J(us, pab, dy?) = 06273, J(ue, p? dy®) = 0.5570,

A A
J(s py, d%) = 0.6018 and J(u3, pb,d®) = 0.5913.
With the nominal value of the parameter, the min-max re-

A
actor shows only 4.0% or J(u 2, pa®, dn?) — ](/1) e, pn?, d ®)
= 0.0255 decrease in the value of the performance func-
tion. Moreover, the min-max reactor gives the value of

A
performance function of J(u ¢, ;)\ b,t/i\ ®) = 0.3913 for the
worst parameter variation which is smaller by only 5.7%

than that (J(4%, px?, dx®) = 0.6273) of the nominally
optimal reactor with the nominal parameter value.

We can summarize the computed results by saying that
the min-max reactor gives much better performance than
the nominally optimal reactor for the worst parameter
variation while keeping fairly good performance with the
nominal parameter value.

CONCLUSION

The proposed method of design and control for a process
subject to the unknown parameter variations, which is to
minimize the maximum decrease in the values of the ob-
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jective function due to the hypothetical worst parameter
variations, provides an effective mean to assure the proc-
ess to meet specifications imposed on the process per-
formance. Although it seems to be a very conservative
design and control method, fairly good performance of
the process even with the nominal values of the parameters
is observed in an illustrative example.

The minimum of the maximum (min-max) performance
sensitivity will provide a good measure for the reasonable
design margin of a process subject to the uncertainty in
its parameter values. Application to the marginal design
problem to meet specifications will be a future extension
of the min-max performance sensitivity.
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NOTATION
A = chemical component
B = chemical component
by, by = (—aH,)/Cy - p, (—AH2)/Cyy - p
C = chemical component
C, = specific heat
D, D9, D® = admissible sets of design functions d, d¢, d®
D; = initial cuamulative catalyst activity defined by
z

0- db(z) dz

d, d*, d® = design functions

E,, E; = activation energies for main reaction
activation energy for catalyst deactivation
vector-valued function

integrand of functional J

= vector-valued function

H, H® = scalar functions

AH;, AH, = heat of reactions

LIv = performance functions

K;, K, = rate constants for main reaction,

E;
Kioexp(— ), i=12

[+

o

f
G
h

Rx3
K. = rate constant for catalyst deactivation,
E.
K 0 €X ( t
¢ P Rx3
Ko, Koo, Ko = pre-exponential factors
m = dimension of state function y (¢, z)
n = dimension of state function x(t, z)

P, P2, P* = admissible sets of parameter functions p, p°®, p®

p, p% p°® = parameter functions

PY, PL = upper and lower bounds of parameter function
= gas constant

r = dimension of distributed control function u®(t, z)

Sy = nominal performance sensitivity defined by Equa-
tion (6)

é\ = min-max performance sensitivity defined by Equa-
tion (22)

s = dimension of distributed parameter function
pe(¢, 2)

T = final time

t = time variable

U, Us, U = admissible sets of control functions u, u2, ub
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u, u®, u® = control functions

v = dimension of distributed design function d°(¢, z)
x = state function

X10, X20, X30 = constants defined by Equation (36)

y = state function

g_ = length

z = distance variable

Greek Letters

a = heat exchange parameter

€ = step size factor

71 = Lagrange Multiplier

A, p = adjoint functions

P = density

P = function of boundary condition defined by Equa-
tion (3)

v = function of boundary condition defined by Equa-
tion (4)

Superscripts

a = distributed

b = boundary

A = optimal or worst

Subscripts

(k) = kth iteration

N = nominal

Symbols

<, > = inner product of two vectors
()T = transpose

= = stands for equal by definition
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